In this paper, R always denotes a commutative ring with identity. The ideal of nilpotents and the Jacobson radical of the ring R are denoted by N(R) and J(R), respectively. The vector [a ίf •• ,α w ] is called a primitive row vector provided 1 e (a u ' ", an)', a primitive row vector [a ίf , a n ] is called completable provided there exists an n X n imimodular matrix over R with first row α u , α n . A ring R is called a Z?-ring if given a primitive row vector [α lf , α n ], n ^ 3, and (α lt '-,α n - 2 ) % there exists be R such that 1 e (αi, , α n -2 , α n -\ + bα n ). Similarly, R is denned to be a Strongly B-ring (SB-ring), if d e (αi, , α n ) f n Ξ> 3, and (αi, , α w _ 2 ) 2 «/(•#) implies that there exists be R such that de (α u , α n -2f α n -i + 6α w ). In this paper it is proved that every primitive vector over a I?-ring is completable. It is shown that the following are 5-rings: ^-regular rings, quasi-semi-local rings, Noetherian rings in which every (proper) prime ideal is maximal, and adequate rings. In addition it is proved that R[X] is a B-ring if and only if R is a completely primary ring. It is then shown that the following are SB-rings: quasi-local rings, any ring which is both an Hermite ring and a £>-ring, and Dedekind domains. Finally, it is shown that R[X] is an SB-ring if and only if R is a field. LEMMA 
Let R be α ring with A ϋ J(K), A an ideal of R. Then R is a B-ring if and only if R/A is a B-ring.
Proof. Necessity: Let R be a B-ήng and let
where α< e R, i = 1, n. Proof. Let R be a U-ring and let 1 e (α 15 « ,αj. The theorem clearly holds for n = 1. If w = 2, then 1 = α^ + α 2 τ/, x,yeR and the matrix ί _^ ^M is unimodular; hence the result holds for n -2.
Let n ^ 3, and suppose the result is established for k < n. Then BU is an n x n unimodular matrix whose first row is [a λ , « , a n ].
For convenience, we introduce the notation Z(A) to mean the set of maximal ideals containing the ideal A; Z(a) will denote the set of maximal ideals containing the element α. THEOREM 
If R is a ring such that for every ideal A §£ J(R), Z(A) is finite, then R is a B-ring.
Proof. The essentials of the proof are due to Reiner [4] . Let 1 e (α x , , a n ), n ^ 3, and (a lf , a n _ 2 ) g£ J(R). By the hypothesis on R, Z(A) is finite where A = (α x , , α n _ 2 ). Let Z(A) = {M ίy > , M r ], and note that iΐ be R and α ίl _ 1 + ba n ξ.
For any M,eZ(A) such that a n eM iy we have α w _ x + ba n^. M i1 for all 6ei2; otherwise, α^eJIίi, and (α lf * ,αj £ .Mi which contradicts the hypothesis that [α x , * ,αj is primitive.
For those M { eZ(A) for which a n £M { , we have (α w , M*) = (1). Hence there exists an % { such that a n Xι = a n^ (mod Mi). For these M if we can find (by the Chinese Remainder Theorem) an element be R
It follows from this theorem that quasi-semi-local rings and Noetherian rings in which every proper prime ideal is maximal (in particular, Dedekind domains) are 5-rings. LEMMA 
Let R be an F-rίng (i.e., a ring in which every finitely generated ideal is principal) which satisfies the condition that if 1 e (a L , a 2 , α 3 ) with α x £ J(R) then 1 e (a lf a 2 + ba 3 ) for some be R. Then R is a B-ring.

Proof. Let 1 e (a L ,
, a n ), n ^ 3, and let (a) = (a ίf , α w _ 2 ) Ĵ (R). Hence 1 e (a, a n _ lf a n ). By the hypothesis on R, 1 e (a, a n^ + 6α n ); hence, R is a J5-ring. THEOREM 
If R is an F-ring which satisfies the condition that for every a,ceR ivith aέJ(R), there is an reR such that Z(r) = Z(a) -Z(c), then R is a B-ring.
Proof. The proof is essentially the same as the proof of Theorem 5 of [2] . Let 
e (a, 6, c), at J(R).
By the hypothesis on R there exists re R such that Z(r) = Z(a) ~ Z(c). Hence (c, r) = (1), so there exists qe R such that 1 e (r, b + qc). We claim (α, b + qe) = (1). Otherwise, there exists a maximal ideal M of R such that (α, 6 + <?c) £ Λf. Hence Λf e Z(α) and Me Zφ + gc). Since 1 6 (r, 6 + qc) it follows that M$Z(r), so MςZ(c).
But we now have MeZφ), contrary to (α, 6, c) = (1). Therefore (α, 6 + ςfc) = (1). Lemma 2.2 completes the proof. THEOREM 
Every adequate ring is a B-ring.
Proof. In the proof of Theorem 5.3 of [3] , Kaplansky shows that if R is an adequate ring and if 1 e (α, 6, c), a Φ 0, then there exists qeR such that le (α, 6 + qc). Since an adequate ring is an F-ring, the result follows from Lemma 2.2. and let λ = max (1, p, g, r). In the (λ + l)st entry of ad + (6 + ^c)e, we have ad + (6 + 2/c)e; i.e., 1 e (α, 6 + ?/c). Hence, ΰ is a S-domain. THEOREM 
iί[X] is a B-ring if and only if R is a completely primary ring.
Proof. Sufficiency: Let R be a completely primary ring. Since
R/N(R) is a field and since (R/N(R))[X] ~ R[X]/N(R)[X], it follows from Theorem 2.2 that R[X]/N(R)[X] is a B-ήng. Since N(R)[X] = iV(J?[X])
, the result follows from Lemma 1.2.1.
Necessity: Assume that R is not completely primary and that R[X] is a i?-ring. Let r be a nonunit, nonnilpotent element of R. Then 1 e (r, 1 + X, X
) and r £ J(i2[X]). By the assumption that R[X]
is a .B-ring, we have 1 e (r, 1 + X + X 2 /(X)) for some /(X)ei2 [X] .
Let α denote the image of a e R under the natural homomorphism of R[X] onto (R/rR)[X].
Then ϊ e (0, ϊ + X + X 2 f(x)) and Ϊ + X + X 2 /(X) is a unit of (i?/ri?)[XJ. This is a contradiction since the coefficient of X is not nilpotent.
Since R[X] cannot be completely primary, (clearly, X is neither a unit nor a nilpotent) it follows that for every ring R, R[X, Y] = R[X][Y]
is not a 5-ring. 3* Strongly brings* We now turn our attention to the study of SB-rings.
Our main objective here is to compare the theory of this particular subclass of 5-rings with that of 5-rings given in the last section. Proof. The necessity clearly follows from the definition of an Spring.
Sufficiency: Let r e (a 19 , a n ), n ^ 3, with (a ίy , a n _ 2 ) §= J(R). Without loss of generality, we may assume that a n _ 2 
£ J(R). Suppose r = Σ* =1
a i χ i an( i let s = a n _ 2 x n _ 2 + a n _ L x n^ + a n x n .
Then r e (a L , , α % _ 3 , s) and s £ (a n _ 2 , a n^, a n ).
Since α π __ 2 e J(R), s e (a n _ 2 , a n _ x + ba n ) for some be R. Therefore r e (a,, , α % _ 39 s) S (a,, , a n^ + ba n ), and the proof is complete.
In view of Lemma 3.1, we need only consider triples instead of arbitrary π-tuples in our study of SB-rings. Proof. Let A = ΠU Mp and let B = ΠU Ml* be the representations of the ideals A and B as a product of powers of distinct maximal ideals. Since Bii, we may order the M t so that 0 ^ a { < β t for 1 <^ i <; r, and α< = βi for r + 1 <Ξ ΐ ^ ί. Let I <L k ^ r. We claim that either a n _ γ or α n does not belong to Proof. Since the case β -1 is covered by the hypothesis, we may assume eφl.
Let e = Σ? =1 a { x { = Σ?=i (^β)(^β). Hence, 1 = (α x β + 1 -e)(^β + 1 -e) + Σt 2 (α ί β)(α; ΐ e). Thus, 1 e (a t e + 1 -e, α 2 e, , α w e) .
If a γ e + 1 -e e J(iϊ), then 1 -(α x β + 1 -e) = e(l -a λ ) is a unit of R, a contradiction since e = β 2 , β ^ 1. Thus, since R is a i?-ring, we have 1 G (a λ e -r 1 -e, α 2 e, , α % _ 2 β, α n _!e + 6α TO β) for some 6 e R. Therefore, e e (a.e, a 2 e, , α w _ 2 β, α w _ 1 e + ba n e) £ (α x , α 2 , , α % _ 2 , α n _! + δαj.
COROLLARY. If R is a regular ring then R is an SB-ring.
Proof. The result is immediate from Theorem 2,5 and Lemma 3.4; since, for every r e R, r is an associate of some idempotent ee R ( [1, Lemma 10] Proof. An adequate domain is both an F-domain and a B-ring. Since every F-domain is an Hermite ring, the result follows from Theorem 3.3.
COROLLARY. // R is an F-ring with infinitely many maximal ideals and, if for every ideal A ξ£ J(R), Z(A) is finite, then R is an SB-ring.
Proof. R is necessarily a S-ring by Theorem 2.2. By the proof of Corollary 2 of [2] , R is also an Hermite ring. Theorem 3.3 completes the proof. THEOREM 
R[X] is an SB-ring if and only if R is a field.
Proof. The sufficiency follows from Theorem 3.2. To prove the necessity, let r eR,r Φ 0. Then r e (X 2 , X, r) and 2 ; therefore, rk is an idempotent of R. Since R[X] is a B-ring, R must be a completely primary ring by Theorem 2.7. It follows that the idempotent rk is either 0 or 1. Since rk = 0 and r = r 2 k imply r = 0, we conclude that rk = 1; i.e., r is a unit of R. Hence, R is a field and the proof is complete.
